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Abstract-The usual problem of correction of atmospheric scattering effects involves the inverse process 
of a nonlinear partial differential equation in three-dimensional space. The method developed here involves 
solving three initial value partial differential equations. Two of them are Chandrasekhar’s type one- 
dimensional radiative transfer equations. The third equation is a linear partial differential equation in 
three-dimensional space with initial value. 
1. INTRODUCTION 
In recent years, advanced satellite imaging has been used to monitor the earth’s surface. It has 
become increasingly important to evaluate the extent of atmospheric effects on remotely sensed 
data. This surface and atmospheric multi-scattering diminishes the ability to discriminate between 
target and background, that is, the apparent radiance of earth surface features measured by remote 
sensors differs from the actual earth surface radiance. 
Present methods for evaluating atmospheric effects were developed by solving or approximating 
the inverse problem for a nonlinear partial differential equation in a three-dimensional space. We 
believe such approaches are too difficult and too complicated. In this paper, we solve the inverse 
problem by constructing a system involving three integral equations. Two of them are one- 
dimensional Chandrasekhar type, one is nonlinear and the other is linear, and both have well- 
known solutions. The third equation is a three-dimensional linear initial value problem, suitable 
for computer numerical solution. 
2. THREE-DIMENSIONAL RADIATIVE TRANSFER 
The model for atmospheric scattering effects on earth imaging is a plane-parallel, inhomogeneous, 
anisotropic scattering atmosphere of optical thickness z. This layer of atmosphere is bounded below 
at z = 0 by a horizontally non-uniform reflector ~(0; x, y; 0, S&J; the mathematical model of reflection 
is given by Ueno[l, 23. We change the notation to be more consistent with the standard notations 
used in scattering matrices as follows: 
[ 
$ + (tan8sin4 + tanBosin40)$ + (tan8cos4 + tan8,cos&J$ 1 p(z;x,y;S& -0,) 
=a(z) ;+;( > p(z;x,y;R,-Q,)+i s p(z;x,y;Q,-fi) 2n 
x p(z; -R’, -a,,~ + & 
s 2n 
p(z;R,R’)p(z;x,y;R’, 42,)~ 
1 
+ 16n2 2n 2n 4 1 
p(z; x, y; R, - R’)p(z; - R’, R”)p(z; x, y; w, -a,) y F, (2.1) 
where f R = (+ 0, +), with cos 8 = u the cosine of the polar angle measured from the normal to 
the top and 4 the azimuthal angle. 
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The atmosphere is uniformly illuminated from above in the direction Q, by parallel rays of flux 
nF per unit area normal to the direction of propagation. With equation (2.1) solved, the surface 
reflected radiance at z is 
Z(z; x, y; !2) = p(z; x, y; Q - R,)nF. (2.2) 
This is the radiance measured by satellite including atmospheric effects. 
With no multiple scattering, we have 
fi); x, y; Cl) = f(O; x, y; Cl) = ~(0; x, y; R, -R&F, (2.3) 
the true radiance if there are no atmospheric effects. The difference between I(z; x,y; a) and 
f(z; x, y; Q) or p(z; x, y;R, -R,JnF and ~(0; x, y; R, -C&&F is called the “atmospheric scattering 
effect”. There are two kinds of multiple scatterings taking place; one occurs within the atmosphere 
itself and the other between the atmosphere and the earth’s surface, the latter governed by the 
physical property of the reflector ~(0; x, y;Q, -f&J. 
For example, consider an isotropic reflector 
PO x, y; Q -f&l) = f 4% y), (2.4) 
where A(x, y) is the albedo for the background in accordance with Lambert’s law. If ,4(x, y) is a 
constant, i.e. a uniform reflector, then due to the fact that in equation (1) cr and p are independent 
of (x, y) and the illumination is uniform, the solution p(z; x, y; R, f&J is independent of (x, y). The 
problem is reduced to one-dimensional radiative transfer and is much easier to compute. A special 
case is 
p(0; x, y; R, -i&J) = 0. (2.5) 
The given problem of finding p(z; x, y; $2, -Q,) is further reduced to the so-called “Chandrasekhar 
planetary problem” [3]. In this case, there is no multiple reflection between the atmosphere and 
the earth’s surface, and the solution is denoted by p,(z) = p,,(z; x, y, R, -a,). 
There are many numerical or approximate solutions of (2.1) subject to various boundary 
conditions. The usual first step is to reduce the problem to a finite dimensional one by some 
orthogonal expansion such as Fourier or Legendre, or merely taking discrete values in (x, y) and 
in R - !&. Most approximations are based on “order of scattering”, i.e. only considering first few 
order of scattering instead of all orders of multiple scattering actually taking place. It is needless 
to say the one-dimensional Chandrasekhar planetary problem is the easiest one to solve. Some of 
the approximation methods already developed are, for example, Fymat[4,5], Ueno[6-81, van de 
Hulst[9], Weinman[ 10,111, Fraser[ 121, and Wang[13]. 
3. THE INVERSE PROCESS 
The mathematical model of three-dimensional radiative transfer for computing the radiation 
Z(z; x, y;R) is useful in recovering f(z;x, y;Q from its picture, blurred due to the multi-scattering 
effects of the atmospheric layer. The removal of the blurring, i.e. the atmospheric effect, is equivalent 
to finding p(O) = p(O;x,y;R, -Q,) from I(z;x,y;R) or p(z) = p(z;x,y;Q -Q,). This is called the 
“inverse problem” or “reconstruction problem”. 
To solve the inverse problem, we propose just to solve the easier Chandrasekhar planetary 
problem. Such solution is denoted by p,(z) = pO(z; x, y, R, -Q,) and is similar to (2.1) for the 
reflection operator by the method of invariant imbedding [2]; where we obtain equations for the 
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forward transmission operator t(z) satisfying 
+ (tan 0 sin 4 + tan 19~ sin 4) & 1 t(z; x, y; R;Ro) 
= ~t(z;x,y;QQ,) + -& s dR p(z; R, ti)t(z; x, y; R’, no) - 2n V 
+ p(z;x,y;R, -U)& s p(z; -R’,w)t(z;x,y;R”,n,)~, (3.1) 2n 
and the backward transmission operator Q(Z) satisfying 
[ 
i + (tan 0 cos 4 + tan B. cos do) $ 1 r,(z; x, y; -Q -no) 
= $r,(z;x,y; -R, -Q,) + $ s t,(z;x,y; -n, -R’)p(z/-R’, -n,,y 
1 
+4n 2n s 
z,,(z;x,y; -.,IQ’)p(z; -n:n.)y x ~~(z;x,y;R”, -a,). (3.2) 
Along with the initial conditions 
t(0) = r,(O) = E = identity, (3.3) 
formal computation yields, for constant K, 
2 {b(z) - PO(Z)1 - 44K~o(Z,} = 0. 
In particular, when z = 0, we obtain K = p(0) and 
P(Z) - PO(Z) = WP(O)~o(z), (3.4) 
where pa(z) is the solution of the one-dimensional Chandrasekhar planetary problem. From (3.2), 
using pa(z), a solution to(z) can be obtained. However, in order to obtain t(z), we are required to 
solve the linear equation (3.1) which involves the operator p(z) = p(z; x, y,R, -a,). If both sides of 
(3.4) operate on the incident radiation field of ZF per unit area in direction no uniformly, as stated 
in Section 2, then p(z; x, y;R, -R)nF is the reflected radiance measured by satellite looking 
downward. So, by using measured data, we can obtain t(z) by (3.1). Since (3.1) and (3.2) with 
condition (3.3) each has a unique solution, it is reasonable to assume t(z) and z(z) have bounded 
inverses, for details see Section 4, in which case 
P(O) = t- WP(4 - po(z)lG ‘(4. (3.5) 
4. GENERAL DISCUSSION 
The basic problem in obtaining p(O) = ~(0; x, y, Q -Q,) from the measured data 
p(z) = p(z; x, y;R, -no), as it is stated, is to solve the forbidding inverse problem (2.1). Ueno[l] 
suggested and discussed using the following least square: 
a& IIP(Z) - P(z)1129 (4.1) 
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where p(z) is computed by using (2.1) with initial value b(O), a rather difficult and complicated 
optimization problem. 
The method proposed in equation (3.5) is rather straightforward. We noticed that 
p(z) = p(z;x, y;R, -0,) = the measured data from the remote senor/xF, 
pO(z) = ~e(z;x, y;R  -!&) = the solution of the Chandrasekhar planetary problem. (4.2) 
Since ~~(0) = 0, the solution is independent of x and y, i.e. 
$%(Z;X.y;R, -Qo) = ;h~z;x,Y;R, -&I) = 0. (4.3) 
A solution can be obtained easily. Manipulating (3.1) and (3.2), we observe that t- ‘(z) and r,‘(z) 
satisfy the following linear initial value problems: 
[ 
-L + (tarresin + tan&sin&)~ 1 t-‘(z);x,y;R,,R) 
a(z) - 1 = yp (z;x,y;R,,R) + & s t-‘(z;x,y;n,,R’)p(z;~,~)~ 
+ h t-‘(z;x,y;R,,R”)p(z;x,y;R”, -R’)p(z; -u, -cqy, s (4.4) 
with initial condition t- ‘(0) = E, and 
iz + (tant9cos4 + tanOOcos&)~ -- 
ay 1 z;‘(z;x,y; -Ro, -Q) 
44 -1 1 
s 
da 
= T’” (z;x,y; -R,, -n) + & p(z; -Ro, -R’)t,‘(z;x,y; -R’, -R’T 
1 
+G 2n s 
p(z; -R,, R’)p,(z; x, y; R’, -R”)Y x 7, ‘(z; x, y; -w, -Q) (4.5) 
also with initial condition z; ‘(0) = E. Since pO(z) = po(z;x, y;R’, -Q”) is independent of y, then 
fjr,‘(z;x.y; -cl,, --cl) = 0 
and T,, is independent of (x,y), thus (4.5) is reduced to a one-dimensional Chandrasekhar type 
equation [3]. Equation (4.4) is a three-dimensional linear initial value problem which can be solved 
numerically. 
In conclusion, the inverse problem is solved by the result of equation (3.5). This method involves 
solving two equations for p0 and r; I of Chandrasekhar type for one-dimensional radiative transfer 
and one three-dimensional linear equation for t-’ with initial value. 
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